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Abstract 

We present four-dimensional gauge theories that describe physics on five-dimensional 
curved (warped) backgrounds, which includes bulk fields with various spins (vectors, 
spinors, and scalars). Field theory on the AdSs geometry is examined as a simple ex- 
ample of our formulation. Various properties of bulk fields on this background, e.g., 
the mass spectrum and field localization behavior, can be achieved within a fully four- 
dimensional framework. Moreover, that gives a localization mechanism for massless vector 
fields. We also consider supersymmetric cases, and show in particular that the conditions 
on bulk masses imposed by supersymmetry on warped backgrounds are derived from a 
four-dimensional supersymmetric theory on the flat background. As a phenomenological 
application, models are shown to generate hierarchical Yukawa couplings. Finally, we 
discuss possible underlying mechanisms which dynamically realize the required couplings 
to generate curved geometries. 
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1 Introduction 



The standard model is greatly successful but it still has many free parameters which must be 
small to describe nature. While its supersymmetric extensions, e.g., the minimal supersym- 
metric standard model, are attractive scenarios, small couplings are also required to explain 
observed facts such as the fermion mass hierarchy and mixing angles. 

In recent years, extra dimensions have cast a new perspective on physics beyond the stan- 
dard model. One of the important aspects of extra dimensional models is that bulk fields can be 
localized with finite-width wave-function profiles. This fact provides us with a geometrical ex- 
planation for small numbers. That is, with a configuration where some fields are separated from 
each other in the extra dimensional space, the couplings among them are generally suppressed. 
Then how and where fields are localized is an issue to be considered. From this viewpoint, extra 
dimensional models with a curved background are interesting because fields could be localized 
depending on the shape of the background geometry. One of the most famous examples of 
curved geometries is the Randall- Sundrum (RS) model with the AdSs warped metric PQ. Field 
theories of vectors, spinors, and scalars have been studied on this background The lo- 

calization behavior of zero-mode wave functions has interesting applications to phenomenology 
such as the suppression of unwanted operators. For example, hierarchical forms of Yukawa 
couplings and proton decay were studied in (31 15] . 

The localization of Kaluza-Klein (KK) excited modes also leads to interesting phenomena. 
For instance, the localization of higher KK gauge bosons could realize a composite scalar (Higgs) 
condensation, which induces dynamical (electroweak) symmetry breaking on the brane where 
the KK gauge bosons localize [0] . In addition, models on more complicated backgrounds where a 
warp factor oscillates generate bulk fields which localize at some points in extra dimensions [HE!- 
This type of localization might be useful in explaining the observed phenomena. 

However extra dimensional theories are generally nonrenormalizable and the calculations 
depend on the regularization scheme that one adopts. Furthermore, extra dimensional theories 
are constrained by symmetries of higher dimensions. For example, in the supersymmetric case, 
bulk theories are constrained by TV = 1 supersymmetry in five dimensions. Motivated by these 
facts, recently a four- dimensional (4D) description of extra dimensional models was proposed \9,, 
10 . With this method, the phenomena of higher dimensional models are reproduced in terms 
of 4D theories, and several interesting models have been proposed along this line [TT1 112j . 

In this paper, we present 4D gauge theories that describe physics on 5D curved geometries. 
As will be discussed below, taking generic values of gauge couplings and gauge- symmetry- 
breaking vacuum expectation values (VEVs), the models provide vector, spinor, and scalar 
fields on curved extra dimensions. 1 As a good and simple illustration, we compare our 4D 
model with the RS one. We particularly focus on the "localization" behaviors of mass eigen- 
states in "index spaces" of gauge groups. It will be shown that the localization profiles and the 
exponentially suppressed massive spectrum are certainly reproduced. In addition, our formu- 
lation gives a localization mechanism even for massless vector fields. As a phenomenological 
application, hierarchical Yukawa matrices are derived in our approach; that is a hierarchy 
without symmetries in four dimensions. 

The localization behavior depends on the required conditions for gauge-symmetry-breaking 

^dn the same spirit, curved backgrounds were studied in 
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Figure 1: Moose diagram for bulk vector fields in the orbifold extra dimension. 



VEVs and gauge and other couplings. If these values are determined in the underlying theories, 
it may be said that the physics on warped backgrounds is dynamically generated within a four- 
dimensional framework. We consider several possibilities to realize the conditions by utilizing, 
for example, strongly coupled gauge theories. Thus this could provide a purely 4D dynamical 
approach for small numbers. 

We will proceed with the argument as follows. In Sec. we describe our 4D gauge theories, 
which have generic (nonuniversal) values of gauge-symmetry-breaking VEVs and couplings. 
The models provide vector, spinor, and scalar fields in warped extra dimensions. It is also 
shown that supersymmetry multiplets in flat 4D models generate supersymmetry multiplets on 
warped backgrounds. In Sec. El we then numerically determine with a finite number of gauge 
groups that the formulation given in Sec. 2 certainly reproduces various properties of bulk fields 
on the RS background. In addition, a phenomenological application to quark mass matrices is 
also given. Finally, we discuss possibilities of dynamically realizing the conditions required for 
curved geometries in Sec. |U We conclude the discussion in Sec. 03 The Appendix is devoted to 
a brief review of 5D bulk fields on a RS background. 



2 4D formulation for curved geometries 
2.1 Vectors 

Following Refs. GDI, we introduce SU(n); gauge theories with gauge couplings g i: {i = 
1, . . . , N), and scalar fields Qi [i — 1, . . . , (N — 1)] which are in bifundamental representations 
of SU(ra)j x SU(n)j + i. The system is schematized by the segment diagram in Fig. ^ 
The gauge invariant kinetic term of the scalars Qi is written by 

N-l 

c = J2( D »Qiy( D "Qil (!) 

1=1 

where the covariant derivative is given by D^Qi = d^Qi — igiA^Qi + ig^iQiA 1 ^ 1 . We assume 
that the scalar fields Qi develop VEVs proportional to the unit matrix, (Qi) = Vi, which break 
the gauge symmetry to a diagonal SU(n)diag- From the kinetic term the mass terms for 
the vector fields A], are obtained: 
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where the (N — 1) x N matrix _D vec is defined as 
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The consequence of these mass terms is that we have a massless gauge boson corresponding 
to the unbroken gauge symmetry, which is given by the following linear combination: 

m = H**)a*, (4) 



where g diag = J2i=i 9% an d <?diag is the gauge coupling of the low-energy gauge theory SU(?7.)diag- 
The profile of ASj) is independent of the values of f«. It is found from this that the massless 
vector field is "localized" at the points with smaller gauge couplings. If the gauge couplings 
take a universal value = g, the massless mode A^> has a constant "wave function" along 
the "index space" of gauge groups. As seen below, this direction labeled by i becomes the 
fifth spatial dimension in the continuum limit (N — ► oo). The localization behavior can easily 
be understood from the fact that, for smaller gauge coupling g^ the symmetry-breaking scale 
giV of SU(n)j becomes lower, and hence the corresponding vector field A 1 ^ becomes the more 
dominant component in the low-energy degree of freedom A^\ 

It is interesting to note that this vector localization mechanism ensures charge universality. 
Suppose that there is a field in a nontrivial representation of SU(n)j only. That is, it couples 
only to A 1 ^ with strength g^. This corresponds to a four- dimensional field confined on a brane. 
If there are several such fields, they generally have different values of gauge couplings. However, 
note that these fields couple to the massless modes Afp with a universal gauge coupling gdiag 
defined above. This is because, in the presented mechanism, the vector fields are localized 
depending on the values of the gauge couplings. 

As for massless eigenstates, the mass eigenvalues and wave functions are obtained by diag- 
onalizing the mass matrix ([3*|l. The simplest case is the universal couplings 

v Vi = v, y g t = g. (5) 

In this case, one obtains the mass eigenvalues of D vec as 



m. 



29VSin {w) (n = 0,...,N-l). (6) 



In the limit N —>■ oo with L = 2N/gv fixed (the limit to continuum 5D theory), the eigenvalues 
become 

m n ~ — - . (7) 

These are the same spectrum as that of the bulk gauge boson in the S 1 /Z 2 extra dimension 
with radius L/2n. 
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With generic values of VEVs V{ and gauge couplings gi, the situation is rather complicated. 
In this case, the mass term (J2J) of the vector fields becomes 

Am = ^E^+l« +1 -4) 2 

i 

-oEfe+i(ft+2 - 2#i+i + gi) + {v 2 i+l - v 2 )g i+1 (g i+2 - g i+ i)] (A l + r ) 2 

+^v 2 N g N (g N+1 - g N )(A^) 2 - -v\g x {gi - gx){A\f . (8) 

The first term becomes the kinetic energy transverse to the four dimensions in the continuum 
limit. On the other hand, the second and third terms are bulk and brane mass terms, respec- 
tively. It should be noted that these mass terms vanish in the case of universal gauge coupling, 
which corresponds to a flat massless vector field in 5D theory as discussed above. In other 
words, nonuniversal gauge couplings generate bulk/brane mass terms and cause a localization 
of the wave function. 

2.1.1 VEVs and couplings generating AdS 5 background 

First we consider the series of VEVs v i and couplings gi that generates a vector field on the RS 
warped background, namely, the AdSs background. This model can be obtained by choosing a 
universal gi and by varying Vj as 

RS : 9l = g, Vi = ve~ kl ^\ (9) 

Substituting this and taking the continuum limit, Eq. (J2J) becomes 

£>m = l -J^ 2 dy[e- k yd y A^y)] 2 ) (10) 

where y represents the coordinate of the extra dimension: y <-> i/gv (i = 1,...,N) and 
A 1 (x) <->• An(x,y), etc. It is found that Eq. (JTUJl successfully induces the kinetic energy term 
along the extra dimension and mass terms for the vector field on the warped background metric 

ds 2 = G MN dx M dx N = e- 2ky r ]tlv dx lx dx v - dy 2 , (11) 

where rj^ = diag(l, —1, —1, —1) with \i — 0, 1, 2, 3. We here conclude that we can obtain the 
vector field on a RS warped background by varying only the VEVs t>j. In the following we 
will see that nonuniversal gauge couplings g^ induce other interesting results beyond the effects 
from the background metric. 

2.1.2 Abelian case with nonuniversal gauge couplings 

Now let us compare the 4D model with generic couplings (JBJ) to extra dimensional ones. We 
define the dimensionless parameters fi and hi as 

9i = gfi, v i = vhi. (12) 
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First we restrict ourselves to the case that the gauge group is U(l), namely, Abelian theory 
with no vector self-couplings. Similarly substituting Eq. (|12p and taking the continuum limit, 
Eq. (J2J becomes 

1 f L / 2 r i2 

£ gm = - dy h{y)d u [f{y)A li (x ) y)] . (13) 



2 Jo 

Equation (fT3*|) induces the kinetic energy term along the extra dimension and mass terms for 
the vector field on the warped background metric: 

ds 2 = G MN dx M dx N = [f(y)h(y)]\ v dx tl dx v - dy 2 . (14) 

The bulk and boundary mass terms are y dependent and proportional to the derivatives of 
f{y). This is also seen from the 4D model [the second and third terms in Eq. (JHJ)]. 

The above is a generic correspondence between our 4D case and continuum 5D theory. As 
an example, consider the following forms of the parameters: 

f(y) = e"^, h(y) = e~*\ (15) 

where k is a positive constant with mass dimension 1. Equation (jlHj) leads to 



C gm = \ J Q L/2 dy e - 2 ^v ^ dyA ^2 _ C( 2 V + ()k 2 {A 



Cke~ 2 ^ +ri)ky (A 



1 L / 2 

.(16) 

o 



The first term on the right hand side is the kinetic term of the gauge boson along the extra 
dimension with the warped background 

ds 2 = e-^+^n^dx^dx" - dy 2 . (17) 

The second and third terms correspond to the bulk and boundary masses announced before. As 
easily seen, the above equation includes the expression for vector fields on the RS background. 
In the 5D RS model, the Lagrangian for vector fields is written as (see the Appendix) 

£rs c = ~F^ + ±e- 2k y(d y A,) 2 , (18) 

where the A 5 = gauge fixing condition is chosen. By comparing Eq. (fTBj) with Eq. (jTSjl. we 
find that the case with 

( + V = l (19) 

realizes vector fields on the RS background. Also, a special limit, (C,T)) = (0, 1), produces the 
flat zero-mode solution. That corresponds to the form of the parameters ((HJ) in the previous 
special argument. The other solutions which satisfy ( + 77 = 1 correspond to nonflat wave 
functions of the zero-mode vector field on the RS background. It is clearly understood in our 
formulation that such nonflat wave functions are caused by introducing bulk and/or boundary 
mass terms in the RS model. For example, in the case of (C,v) = (1)0); the vector field has 
bulk and boundary mass terms, and is localized with a peak at the y = L/2 point. It should 
be noticed that with these bare mass terms the zero mode is still massless. This is understood 
from our formulation where the gauge symmetry SU(n) ( iiag is left unbroken in the low-energy 
effective theory. 
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2.1.3 Non-Abelian case with nonuniversal gauge couplings 

In the above Abelian case we discussed interpretation of the nonuniversal fa as ^/-dependent 
bulk or boundary masses in the warped extra dimension. Next we treat the non- Abelian theory 
with vector self-couplings. Since in this case we also have ^-dependent vector self-couplings in 
addition to the y-dependent bulk or boundary masses, it may be convenient and instructive 
to see ft as a y-dependent coefficient of the vector kinetic term. To this end, we define the 
four-dimensional field A\, 

Q t = v . e -i<9iAi +gi+1 A^)/2 = v .(i_ ia{g .^ + Qi+1 Af l )/2 + 0(a 2 )) , (20) 

where a = L/(2N) is the lattice spacing, which goes to zero in the continuum limit. Rescaling 
the gauge fields y/N f^A^ A\) -> (Aj,, A\), the kinetic term -\E?=i F^F^ and Eq. (0) 
become 

1 N f~ 2 
kin ~ 4^ L/2 



N-\ h 2 



CL 

2 

i+l/2 (Ai+1 _ n / 1/2 ' 



(21) 



where g = g/V~N and A^ 1 ^ 2 ee (A| + ^5 +1 )/2. In the continuum limit N — > oo with L and g 
fixed, Eq. (|2"Tj) results in 

-Cfi = - \ J Q L/2 dy^-{v" u V Pa F, p F^ - 2{h(y)f(y)]Y u F, 5 F„ 5 }, (22) 

where F MN (x,y) = d M A N (x,y) - d N A M (x,y) ig[A M (x, y), A N (x, y)\. This completely 

reproduces the 5D Yang-Mills kinetic term with a ^/-dependent coefficient 

Ca rp = -\j o L/2 dyf- 2 (y)y^GG MN G AB F MA F NB (23) 



on the warped-background metric (JHJ), provided that g^ = \jLj2g. This is the generic 
correspondence between the present 4D model and continuum 5D theory. From Eq. (j23j). 
we thus find the y-dependent factor f~ 2 (y) in front of the canonical Yang-Mills term, which 
corresponds to a 5D dilaton VEV. The factor does carry the origin of the massless vector 
localization shown in Eq. (JH). 2 With the constant gauge coupling gi = g (ft = 1), one obtains 
a bulk vector field with a constant zero mode on the warped metric ()14j) . A field redefinition 
f~ 1 (y)AM —> Am in Eq. (|2*3*jl gives the previous bulk and boundary mass terms but one then 
has ^/-dependent vector self-couplings in non-Abelian cases. 

2 For a continuum 5D analysis, see |14|. 
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2.2 Spinors 

We next consider spinor fields by arranging fermions of fundamental or antifundamental repre- 
sentation in each gauge theory SU(n)j. We introduce two Weyl (one Dirac) spinors to construct 
a 5D bulk fermion. The orbifold compactification in continuum theory requires that one spinor 
obeys the Neumann boundary condition and the other the Dirichlet one. In the present 4D 
model, this can be achieved by having asymmetrical numbers of fundamental and antifunda- 
mental spinors, resulting in chiral fermions in the low-energy gauge theory. Here we consider 
the fundamental Weyl spinors rji (i = 1, . . . , N) in the SU(n)j theory and the antifundamental 
if>j (J = 1, . . . , N — 1). As seen below, rj corresponds to the bulk fermion with the Neumann 
boundary condition and ip to that with the Dirichlet one. 

The generic gauge-invariant mass and the mixing terms of rji and ipj are written as 



-fm 



N-l 

E< 



UiipiQiVi+i ~ PiViipiVi) + H.c. 



(24) 



where otj and Pi are dimensionless coupling constants. We assume that Qi develop VEVs 
(Qi) =Vi. The mass matrix for spinors is then given by 



D 



spi 



(V! 
\ 



V N -1 



[-Pi "1 \ 



\ ~Pn-i OL N -i j 



(25) 



The spinor mass eigenvalues and eigenvectors (wave functions) are read from this matrix. One 
easily sees that the massless mode is contained in r\ and given by the following linear combina- 
tion: 

l N r- 1 



=1 V,=l a 3 



(26) 



Therefore the localization profile of zero mode depends on the ratio of dimensionless couplings 
«j and Pi. A simple case is a« = (3+ for all i. In this case, fj^ corresponds to a chiral zero mode 
obtained from a 5D bulk fermion on the flat background. If oti ^ fy, the system describes a 
fermion with a curved wave-function profile. For example, if Pi/ai = c > 1 (< 1), rj^ has a 
monotonically increasing (decreasing) wave-function profile. As another interesting example, 
taking fii/oti = cx % (c, x are constants and x < 1), rj^ has a Gaussian profile with a peak at 
i = 1/2 — ln x c. Other profiles of massless chiral fermions could also be realized in our approach. 

Let us discuss the 5D continuum limit. The relevant choice of couplings a, and $ is 



Pi = - a). 



(27) 



The parameters q give rise to a bulk bare mass in the continuum limit as will be seen below. 
The only difference between the vector and spinor cases is the existence of possible bulk mass 
parameters [see Eqs. and 1)25)1 ]. The mass and mixing terms (j2l)l then become 



fm 



L/2 



dyh(y) 



ip(x, y)d y [f{y)r}{x, y)j + gvf(y)c(y)tfj(x, y)r](x, y) 



H.c, (21 



7 



where / and h are the same as defined in the case of vector fields (|12|). Similar to the vector 
case, this form is compared with the bulk spinor Lagrangian in the RS space-time (see the 
Appendix) 



r spi 



f L/2 dy i/ria^d^ + fjia^d^ + Ue~ ky (d y + (c - l/2)a') V + H.c.} 

J 



(29) 



Here the kinetic terms have been canonically normalized in order to compare them to the 4D 
model. In Eq. (j2Uj) . c is a possible 5D Dirac mass, and the "1/2" contribution in the mass 
terms comes from the spin connection with the RS metric. It is interesting that the 5D spinor 
Lagrangian ()29|) is reproduced by taking the exact same limit of parameters as that in the vector 
case, defined by Eq. (JSJ). Furthermore, the relation between the mass parameters c should be 
taken as 



Ci 



1 



c — 



k 

gv' 



(30) 



That is, the Cj's take a universal value. Now the localization behavior of the spinors is easily 
understood. In the present 4D model, the spinor mass matrix (J25j) becomes with Eq. (|27|) 



Vl 



/-1 + ci 1 



D 



spi 



vn-x) V 



-1 + Cat-1 1 




9nJ 



(31) 



A vanishing bulk mass parameter c = 1/2 corresponds to v q = 0, that is, a.i = /3j + i in our 
model. Then the mass matrix D spi is exactly the same as D vec , and their mass eigenvalues 
and eigenstates are the same. In particular, the massless mode f]^ has a flat wave function 
with universal gauge couplings as considered here. This is consistent with the expression (J26|) . 
where the ratio aj//3j determines the wave-function profile. On the other hand, in the case of 
c > 1/2 (c < 1/2), the RS zero-mode spinor is localized at y — (y = L/2) 2\, which in turn 
corresponds to q > (q < 0) in our model. One can see from the spinor mass matrix ()31j) 
that the zero-mode wave function is monotonically increasing (decreasing) with respect to the 
index i. 

In this way, we have a 4D localization mechanism for the spinor fields. Nonuniversal gauge 
couplings or nonuniversal masses give rise to a nonflat wave function for a chiral massless 
fermion. The latter option is not realized for vector fields. Notice that the charge universality 
still holds in the low-energy effective theory. That is, with any complicated wave-function 
profiles, zero modes interact with a universal value of the gauge coupling. This is because 
curved profiles of vector fields depend only on the gauge couplings. 



2.3 Scalar 

Finally we consider scalar fields. We may introduce two types of scalar field fa and <£>j in the 
fundamental and antifundamental representations of SU(n)j, respectively. In addition, for each 
type of scalar, there are two choices of the Z 2 parity assignment in the continuum limit. This 



S 



orbifolding procedure is incorporated by removing <j>\ or (pjf. The gauge invariant mass and 
mixing terms for and tp are written as 



q4> 



CL 



N 



N 



AT _ 2 N 



12 



(32) 
(33) 



i=l 



where a, /3, and 7 are the dimensionless coupling constants. It is implicitly assumed that 
nonintroduced fields are appropriately removed in the sums. We have included the mixing 
mass terms up to the nearest-neighbor interactions. Other invariant terms such as |0i0j| 2 or 
terms containing Qi correspond to nonlocal interactions in 5D theories, and we do not consider 
these in this paper. Notice, however, that for a supersymmetric case, these terms may be 
suppressed due to renormalizability and holomorphy of the superpotential. 

The zero-mode eigenstates are given in the same form as that of the spinor shown in the 
previous section, replacing a and f3 by a 1 and (3' {a! and j3'). Therefore the ratio a'//3' (a'/(3') 
determines the zero-mode wave function. 

Let us consider the continuum 5D limit. In what follows, we remove yjjv, which corresponds 
to the Z 2 assignment 0(+) and </?(— ). The 5D limit can be achieved by taking the following 
choices of couplings: 



-1 



(34) 
(35) 



9i+i, P'i = -c-), 

9i+i, P[ = #i+i(! - c- +1 ), 

where and correspond to the bulk mass parameters, as in the spinor case. Then the mass 
terms (}3*2*|) and (}3*3*j) for the scalars take the following forms with the parametrization (|T2*|) : 

rL/2 



ct 



dyh (y) 



L/2 



dyf 2 (y) 



[dy + gvc?(y)]{f(y)<Kx,y)} +[gv 1 {y)f\f{y) ( t ) {x,y)\ 2 

2 

[d y - gvc'(y)]{h(y)(p(x,y)} + [gv^(y)} 2 \h(y)(p(x,y)\' 



(36) 



(37) 



As a special case, we compare <fi and tp with the scalar fields in the RS space-time. The 
scalar Lagrangian on the RS background is (see also the Appendix) 



f sea 
^RS 



L/2 



dy 



|0, 



+ 



-ky 



{d y + (1 - b)k} + (a + 4b-b 2 )k 2 e 



-2ky\ 



(3c 



where the 4D kinetic term is canonically normalized, and a and b are the bulk and boundary 
mass parameters, respectively, defined in the Appendix [Eq. (jHUJ)]. By substituting the RS limit 
in our model given by Eq. Q, we find the relations between the mass parameters in 4D and 
5D: 



gv 



(b 



k 

I — : 

gv 



li 



7 t 



(a + 46 - b 2 ) ( — 
(a + 46 - b 2 



k \ 2 

V 



gv 
k 
gvj 



k^ 2 



(for 0), 
(for (p). 



(39) 
(40) 
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2.4 Super symmetry on warped background 

In this subsection, we discuss 5D supersymmetry on warped backgrounds. Generally a super- 
symmetric theory may be obtained by relevant choices of couplings from a nonsupersymmetric 
theory. We here examine whether it is possible to construct supersymmetric 4D models which 
describe 5D supersymmetric ones on warped backgrounds. This is a nontrivial check for the 
ability of our formalism to properly describe 5D nature. In Ref. [3], the 5D theory on the AdSs 
RS background was studied. There, supersymmetry on AdSs geometry was identified and then 
the conditions on the mass parameters imposed by this type of supersymmetry were derived 
(also given in the Appendix here). As seen below, these relations among mass parameters for 
AdSs supersymmetry are indeed satisfied in our J^D formalism. This fact seems remarkable in 
the sense that the present analyses do not include gravity. 

First consider vector supermultiplets in 5D. The scalar fields Qi and the gauge bosons A 1 ^ 
are extended to chiral and vector superfields in 4D, respectively. Notice that the VEVs that 
were discussed above, 

m a b =v<5 a b , (41) 

are in the (baryonic) D-flat direction. 

We start with the following 4D supersymmetric Lagrangian 

N-l n -, 

C = E d 2 ed 2 6Q\e^ v Qi + Y,Y2 /^W ! + H.c. (42) 
i=i J i=i J 

The bilinear terms of the component fields are written in the unitary gauge (we follow the 
conventions of [T§]): 

l -{D i:j Atf{D ik Al) + -p*) 2 + h K D ij N j )\D ik N k ) 

+ {D\p)\D ik D k ) - {D ijX j ){D ik X k ) +h.c, (43) 

where we have rescaled (A 1 , A*, D l ) — > gi(A^, A 1 , D l ) for canonical normalization of the kinetic 
terms. The mass matrix Dij is defined in Eq. (j2J). The first term is nothing but Eq. (j2J), that 
is, the mass terms for vector fields. By also canonically normalizing C l and \ l an d integrating 
out the auxiliary fields, we find the mass terms for the adjoint spinors and scalar 

- X l D l3 X + H.c. - l -{D\^)\D\ k C k ). (44) 

These masses have the same forms as that of the vector field because we started from a super- 
symmetric theory. We thus have a model with q = for the spinors and c- = 7' = for the 
scalar. (Note that Cj, which originate from Qi, have Z2 odd parity.) 

It is a nontrivial check to see whether the above mass terms satisfy the conditions for 5D 
AdS 5 supersymmetry. We find from the relations (|3Uj) and pUj) that the mass terms for \ an d 
C imply 

a = -4, 6 = 2, c = \. (45) 
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Indeed, these relations are just those required by AdSs supersymmetry [3]. In this way, 5D 
vector supermultiplets on a RS warped background are automatically derived from a J^D super- 
symmetric model on a flat background. 

We also construct a 5D hypermultiplet in the warped extra dimension starting from a 4D 
supersymmetric theory. In order to have a hypermultiplet we introduce the chiral superfields 
4>i and <pi in the fundamental and antifundamental representations of the SU(n)j gauge theory. 
In the following, ip^ is removed to implement Z 2 orbifolding which leaves a chiral zero mode of 
the fundamental representation. The fermionic components of 0j and tfi, then correspond to rji 
and ipi, respectively, in Sec. 12.21 The generic renormalizable superpotential is written as 

N-l 

W = Yl (ai¥>W +1 - biVtfP). (46) 
i=i 

This superpotential just leads to a spinor mass term of the form ([24)1 . In addition, the mass 
and mixing terms of the scalars <fi and ip also have the same form as those of the spinors: 

N-l N-l 

- \ a iQi<t>i+x + biVi<fri\ 2 - \a>i-iQi-i<Pi-i + biViipi] 2 . (47) 

i=l i=l 

Supersymmetry induces equivalence between the boson and fermion mass matrices. In turn, 
this implies in our formulation given in the previous sections that the mass parameters are 
equal, q = c' { = c- and also 7, = 7, = 0. Thus, there is only one parameter c left. It is found 
from Eqs. (JHOJ), (J3HJ), and (j4T?|) that if one take the continuum limit the relations 

a = ( c+ I) 2 -4, b = \-c (for0), (48) 

a = ( c -£) 2 -4, b = ^ + c (for V ) (49) 

are generated. These mass relations are exactly those imposed by supersymmetry on the AdSs 
geometry j^j. Thus hypermultiplets on the RS background are properly incorporated in our 
formalism with a flat background. It may be interesting that the mass relation for vector 
multiplets is the one for chiral multiplets with Dirichlet boundary conditions (J4*9*|) with c = 1/2. 
This value of c is the limit of vanishing bulk mass parameters. 

It should be noticed that our analyses have been performed for generic warped backgrounds, 
including the RS case as a special limit. We thus found that even in generic warped backgrounds 
the conditions on the bulk mass parameters required for 5D warped supersymmetry should be 
the same as for the RS case. 

3 Numerical evaluation 

Here we perform a numerical study to confirm our formulation of the curved extra dimension 
discussed in the previous sections. We will also give a phenomenological application to the 
hierarchy among Yukawa couplings. 
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3.1 Spectrum and wave function 

In the following, we consider the case that corresponds to the RS model in the continuum limit, 
as a good and simple application. The gauge couplings and VEVs are specified as given in 
Sec. 1 

RS : gi = g, Vi = ve~ ki/M . (50) 

The universal gauge coupling = g implies that vector zero modes have flat wave functions as 

shown in Eq. (J3J). The following is a summary of the mass terms for various spin fields, which 
were derived in the previous sections: 

1 2 

£ gm = - \D 1/2 A^\ , (51) 

Cfm = -i/>D e rj + K.c, (52) 

Ct m = -\D V2 _ b <t>\ 2 -\M<t>\ 2 , (53) 



C 



D 



•(3/2-6) 



- |MV| 2 . (54) 



The parameters b and c represent the bulk mass parameters for scalars and spinors, respectively. 
The (N — 1) x N mass matrices D x and M are defined as follows: 



/-l + u x 



D x 



(55) 



vn-i I \ -l+u x 

k 



v x \ I 

M = Va + 4b - b 2 - I || |, (56) 

DjV-l 



1\ k 

u x = [x- - — • (57) 



where 

u„ = I x — 

2jgv 

For supersymmetric cases, the mass matrices D x for bosons and fermions take the same form 
and, moreover, M = 0, as discussed previously. 

We define the matrices U g j >s that diagonalize the mass matrices for gauge, fermion, and 
scalar fields, respectively. For example, U g satisfies 

UlD T l/2 D 1/2 U g = diag(K) 2 , K) 2 , . . . , (m^) 2 ), (58) 

where mf are the mass eigenvalues which should correspond to the KK spectrum of vector 
fields. In the following, we use the notation 

Uf(i) = (U g y j+1 , i = l,...,N, j = 0,...,N-l (59) 

that is, the coefficients of A 1 ^ in the jth massive eigenstates A* . In the continuum limit, this 
corresponds to the value of the wave function at y = i/gv for the jth KK excited vector field. 
Similar definitions are made for spinors and scalars. 
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For vector fields, we illustrate the resultant eigenvalues m 9 n and eigenvectors U^(i) in 
Figs. H(a)-(2(f). For comparison, we also show in the figures the wave functions and KK mass 
eigenvalues of vector fields on the RS background. It is found from the figures that our 4D 
model completely reproduces the mode function profiles [Figs. 12(b), 12(d), and 12(f)] . Local- 
ization becomes sharp as kL increases; this situation is similar to the continuum case. The 
warp-suppressed spectra of KK excited modes are also realized [Figs. 12(a), 12(c), and 12(e)] . For 
a larger N (the number of gauge groups), the model leads to a spectrum more in agreement 
with the continuous RS case. Note, however, that the localization profiles of wave functions 
can be seen even with a rather small N. It is interesting that even with a finite number of 
gauge groups the massive modes have warp-suppressed spectra and localization profiles in the 
index space of gauge theory. 

For fermion fields, there is another interesting issue to be examined. It is the localization 
behavior via dependence on the mass parameters c, which was discussed in Sec 12. 21 We show 
the c dependence of the zero- mode wave function Uq(i) in Fig. EJ The figure indicates that 
the zero-mode wave functions surely give the expected localization nature of the continuum RS 
limit [Eq. (|9U|) in the Appendix] . We find that the values of the wave functions are exponentially 
suppressed at the tail of localization profile even with a finite number of gauge groups. The 
profiles of massive modes can also be reproduced. 

3.2 Yukawa hierarchy from 4D 

Now we apply our formulation to phenomenological problems in four dimensions. Let us use 
the localization behavior, which has been shown above, to obtain the Yukawa hierarchy. This 
issue has been studied in the 5D RS framework |3 E] . We consider a model corresponding to 
the (supersymmetric) standard model in the bulk. The Yukawa couplings for quarks are given 
by 

N 

^Yukawa = £ (( jtf)< <£#X + (vt) i Q^A) + H.C., (60) 

i=l 

where q, u, and d denote the left-handed quarks and the right-handed up and down quarks, 
respectively, and a, b are the family indices. For simplicity, we study a supersymmetric case 
and introduce two types of Higgs scalars H l u and H l d . Then the mass parameters of the Higgs 
scalars satisfy Eq. ()48|) and they are denoted by c Hu > d in the following. Similarly, the quark 
behaviors are described by their mass parameters c g,u,d . We assume (yud)i ~ ^(1)- Generally, 
in supersymmetric 5D models, Yukawa couplings such as Eq. ([60]) are prohibited by 5D super- 
symmetry. However, since the present model is 4D, one may apply 5D-like results to Yukawa 
couplings without respecting 5D consistency. This is one of the benefits of our scheme. 

We are now interested in the zero- mode part of Eq. (|60jh which generates the following mass 
terms 

^Yukawa = Y*ft(H§% + Y?ft(H§% + H.C., (61) 

where the fields with tildes q 1 stand for the jth mass eigenstate given by q> = Y^iLi UHi) q l 
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Figure 2: The mass eigenvalues and eigenvectors of the matrix Di/ 2 for vector fields in the cases 
kL/2-K = 0.12, 1.2 and 12. We take the total number of gauge groups as N = 100. (a), (c), 
and (e) show the eigenvalues m g n for each kL with the symbols o. The corresponding KK mass 
spectrum of the continuum RS theory is also depicted by the dotted lines, (b), (d), and (f) show 
the eigenvectors U%(i) for each kL with the symbols x, A, and □. The corresponding KK wave 
function of the continuum RS theory is also depicted by the lines. For the continuum cases, 
the horizontal axis is gvy. The wave functions plotted here are normalized by the zero-mode 
ones. 
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Figure 3: Typical behavior of the massless eigenvector Uq{i) for fermions with mass parameter c 
(denoted by the symbols x , A, and □). The total number of gauge groups is taken as N = 100. 
The corresponding zero-mode wave functions in the continuum RS theory are depicted by the 
lines. The case c = 1/2 is the conformal limit where the massless mode is not localized. 

(similarly for u, d, and H u ^). The effective Yukawa couplings are 

TV 

Y u ab = < 6 £^«WW«, (62) 

i=l 

and similarly for Yd. A typical behavior of Uo(i) is shown in Fig. |3] for several values of the 
bulk mass parameter c. In Fig. 01 we show the behaviors of the zero-mode Yukawa couplings 
Y u ,d against the quark mass parameters. Two limiting cases with c Hu ' d = and 1 are shown. 
The former corresponds to a bulk Higgs scalar localized at y = L/2 and the latter to one at 
y = in the continuum RS limit. From the figures, we see that if there is a 0(1) difference 
of mass ratio among the generations, it generates a large hierarchy between Yukawa couplings. 
Combined with the mechanisms that control mass parameters discussed in the next section, 
one obtains a hierarchy without symmetries within the four- dimensional framework. 

In the case of c Hu > d = 1, the Yukawa coupling depends exponentially on the quark bulk mass 
parameters c q,u ' d when c q,u ' d < 0.5. 3 This implies that if c q,u ' d exist in this region one obtains 
the following form of the Yukawa matrices: 

[ \n ba \n bb J J l Dd J 

where their exponents satisfy 

n aa + n bb = n ab + n ba . (64) 

3 Similar behavior can be obtained for c Hu d > 0.5. For c H ™ d > 0.5, the Higgs scalars have a peak at i = 1 
(y = 0). This situation is different from the one discussed in Ref. [S] where the Higgs field is localized at i — N 

(y = l/2). 
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Figure 4: The quark mass c q (= c^) and c"' d (= cr) dependences of the zero-mode Yukawa 
coupling Y ab with kL/2ir = 10.83 and N = 20. The mass parameters of the Higgs scalars c u > d 
are taken to be in (a) and (c), and 1 in (b) and (d). 

This form is similar to that obtained by the Froggatt-Nielsen mechanism ^2] with a U(l) 
symmetry. As an illustration, let us take the following mass parameters 

c 9i,2, 3 = (o.36, 0.42, 1.00), 



„«1,2,3 



H u,. 



(0.36, 0.42, 1.00), 
(0.42, 1.00, 1.00), 

1, 



(65) 



and N = 20 and kR = 10.83, which generates the low-energy Yukawa matrices 



Y ab ~ 



/A 6 A 5 A 3 ' 
A 5 A 4 A 2 
VA 3 A 2 1 



Y ab ~ 
1 d — 



/A 5 A 3 A 3 ' 
A 4 A 2 A 2 
\\ 2 1 1 



(66) 



where A = 0.22. This pattern of quark mass textures leads to realistic quark masses and mixing 
angles ^H] with a large value of the ratio (H®)/(H®). If the above analysis were extended 
to SU(5) grand unified theory, realistic lepton masses and mixing may be derived. Other 
forms of Yukawa matrices that may be realized by the Froggatt-Nielsen mechanism are easily 
incorporated in our formulation. 
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For more complicated patterns of mass parameters, we could realize Yukawa matrices that 
are different from those derived from the Froggatt-Nielsen mechanism. In general, off-diagonal 
entries tend to be rather suppressed, that is, we have 

n aa + n bb < n ab + n ba (67) 

for the Yukawa matrix (JBlIj) . Such a form may lead to realistic fermion masses and mixing 
angles. For example, one could derive the Yukawa matrix 



Y 



ab 



( A 4 

A 4 A 3 A 3 I (6* 



V A 3 1 



if initial values of (y u )i are sufficiently suppressed. In this case, the 2x2 submatrix for the 
second and third generations does not satisfy Eq. (JSJ). The Yukawa matrix (|68j) may be relevant 
to the down-quark sector, indeed studied in Ref. [Ej. We do not pursue further systematic 
studies on these types of Yukawa matrices in this paper. 



4 Toward dynamical realization 

We have shown that 4D models with nonuniversal VEVs and gauge and other couplings can 
describe 5D physics on curved backgrounds, including the RS model with an exponential warp 
factor. In the continuum 5D theory, this factor is derived as a solution of the equation of motion 
for gravity. On the other hand, in the 4D viewpoint, warped geometries are generated by taking 
the couplings and VEVs as appropriate forms. In the previous sections, we have just assumed 
their typical forms and examined its consequences. If one could identify how to control these 
couplings by the underlying dynamics, the resultant 4D theories turn out to provide attractive 
schemes to discuss low-energy physics such as tiny coupling constants. 

First we consider the scalar VEVs (Qi) = t>j. A simple way to dynamically control them 
is to introduce additional strongly coupled gauge theories 0. Consider the following set of 
asymptotically free gauge theories: 

A; : SU(n)i gauge field (g,A), (69) 
A; : SU(m)i gauge field (&,Ai), (70) 

where A and Aj denote the dynamical scales. We have, for simplicity, assumed common values 
of g and A for all SU(n)j. In addition, two types of fermions are introduced: 

C : (n,m,l), C : (l,m,n), (71) 

where their representations under SU(n)j x SU(m)j x SU(n)j+i gauge groups are shown in 
parentheses. If Aj ^> A, the SU(m)j theories are confined at a higher scale than SU(n)j, and 
the fermion bilinear composite scalars Qi ~ appear. Their VEVs Vi are given by the 
dynamical scales Aj of the SU(m)j gauge theories through a dimensional transmutation as 

(Qi) = v, ~ A, = pe^M, (72) 
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where (3 is a universal one- loop gauge beta function for SU(m)j (/3 < 0). The gauge couplings 
gi generally take different values and thus lead to different values of V{. For example, a linear 
dependence of 1/gf on the index % is amplified to an exponential behavior of v%. That is, 

j 2p(—)i * — > Vi = ve~ kl/9V , (73) 



which reproduces the bulk fields on the RS background as shown before. The index dependences 
of the gauge couplings are actually generic situations, and may also be controlled, for example, 
by some mechanism fixing dilatons or the radiatively induced kinetic terms discussed below. 
A supersymmetric extension of the above scenario is achieved with quantum-deformed moduli 
spaces [12]. 

Another mechanism that dynamically induces nonuniversal VEVs is obtained in supersym- 
metric cases. Consider the gauge group n*U(l)j and the chiral superfields Qi with charges 
(+1, —1) under U(l), x U(l) i+ i. It is assumed that the scalar components of Qi develop their 
VEVs (qi) = Vi. The D term of each U(l)j is given by 

A = €i + \qi\ 2 - \q t -i\ 2 + ---, (74) 

where e, is the coefficient of the Fayet-Iliopoulos (FI) term, and the ellipsis denotes contri- 
butions from other fields charged under U(l)j, which are assumed not to have VEVs. Given 
nonvanishing FI terms, 6j ^ 0, the D-flatness conditions mean 

vti = v 2 + e h (75) 

and nonuniversal VEVs V{ are indeed realized. In this case, the dynamical origin of nonuniversal 
VEVs is the nonvanishing FI terms. These may be generated at the loop level. Furthermore, if 
the matter content is different for each gauge theory, the e, themselves have complicated forms. 

Above, we supposed that the charges of Qi are (+1, —1) under U(l).;xU(l).j + i. Alternatively, 
if Qi have charges (M, —M) under U(l)j x U(l)j+i and other matter fields have integer charges, 
the gauge symmetry Yii U(l)i is broken to the product of a diagonal U(l) gauge symmetry 
and the discrete gauge symmetry IIi(^Af)i- Such discrete gauge symmetry would be useful for 
phenomenology [T5] . 

Models with nonuniversal gauge couplings gi are also interesting in the sense that they 
can describe the localization of massless vector fields. A nonuniversality of gauge couplings is 
generated, e.g., in the case that the SU(n)j gauge theories have different matter content from 
each other. Then radiative corrections to gauge couplings and their renormalization-group 
running become nonuniversal, even if their initial values are equal. 

This fact is also applicable to the above-mentioned mechanism for nonuniversal v^. Suppose 
that the SU(ra)j theory contains (2m + i) vectorlike quarks which decouple at v. The gauge 
couplings g%(v) are then determined by 

1 % , /A'\ , , 

m = ^ ln W' (76) 

where we have assumed that the SU(m)f theories are strongly coupled at a high-energy scale 
A' (> v). Tuning of the relevant matter content thus generates the desired linear dependence 
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of 1/gf- With these radiatively induced couplings (|75jl at hand, the VEVs are determined from 



5 Conclusion 

We have formulated 4D models that provide 5D field theories on generic warped backgrounds. 
The warped geometries are achieved with generic values of symmetry-breaking VEVs, gauge 
couplings, and other couplings in the models. We focused on field localization behaviors along 
the index space of gauge theory (the fifth dimension in the continuum limit), which is realized 
by taking relevant choices of the mass parameters. 

As a good and simple application, we constructed 4D models corresponding to bulk field 
theories on the AdSs Randall-Sundrum background. The localized wave functions of massless 
modes are completely reproduced with a finite number of gauge groups. In addition, the ex- 
ponentially suppressed spectrum of the KK modes is also generated. These results imply that 
most properties of brane world models can be obtained within 4D gauge theories. Supersym- 
metric extensions were also investigated. In 5D warped models, the bulk and boundary mass 
terms of spinors and scalars satisfy complicated forms imposed by supersymmetry on the RS 
background. However, we show in our formalism that these forms of the mass terms are derived 
from a 4D global supersymmetric model on a flat background. 

As an application of our 4D formulation, we derived hierarchical forms of Yukawa couplings. 
The zero modes of scalars and spinors with different masses have different wave-function profiles 
as in the 5D RS cases. Therefore by varying the 0(1) mass parameters for each generation, 
one can obtain realistic Yukawa matrices with a large hierarchy from the overlaps of the wave 
functions in a purely 4D framework. Other phenomenological issues such as proton stability, 
grand unified theory (GUT) symmetry breaking, and supersymmetry breaking can also be 
discussed. 

The conditions on the model parameters should be explained by some dynamical mecha- 
nisms if one considers the models from a fully 4D viewpoint. One interesting way is to include 
additional strongly coupled gauge theories. In this case, a small 0(1) difference between gauge 
couplings is converted to exponential profiles of symmetry-breaking VEVs via dimensional 
transmutation, and indeed generates a warp factor of the RS model. A difference of gauge cou- 
plings is achieved by, for example, the dynamics controlling dilatons, or radiative corrections 
to gauge couplings. Supersymmetrizing models provide a mechanism for dynamically realizing 
nonuniversal VEVs with D-flatness conditions. 

Our formulation makes sense not only from the 4D points of view but also as a lattice- 
regularized 5D theory. In this sense, effects such as the AdS/conformal field theory (CFT) 
correspondence might be clearly seen with our formalism. As another application, it can be 
applied to construct various types of curved backgrounds and bulk or boundary masses. For 
example, we discussed massless vector localization by varying the gauge couplings <fc. Fur- 
thermore, one might consider models in which some fields are charged under only some of the 
gauge groups. These seem not like bulk or brane fields, but "quasi-bulk" fields. Applications 
including these phenomena will be studied elsewhere. 



Eq. (J72D: 




(77) 
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Appendix. Bulk fields in AdSs 

Here we briefly review the field theory on a RS background, following Ref. One of the 
original motivations for introducing a warped extra dimension by Randall and Sundrum is to 
provide the weak Planck mass hierarchy via the exponential factor in the space-time metric. 
This factor is called "warp factor," and the bulk space a "warped extra dimension". Such a 
nonfactorizable geometry with a warp factor distinguishes the RS brane world from others. 

Consider the fifth dimension y compactified on an orbifold S 1 /Z2 with radius R and two 
three-branes at the orbifold fixed points y = and y = L/2 = ttR. The Einstein equation for 
this five-dimensional setup leads to the solution [Tj 

ds 2 = e~ 2a r\ tiv dx ii dx v — dy 2 , a = k\y\, (78) 

where A; is a constant with mass dimension 1. Let us study a vector field Am, & Dirac fermion 
and a complex scalar <fi in the bulk specified by the background metric (JTHJ). The 5D action 
is given by 



ttR 

'4„ 



Ss — d x dy 



o 



(79) 



where jm = (7^,275) and the covariant derivative is Dm = 9m + Ta/ where Tm is the spin 
connection given by = i^^ri^o' /2 and T4 = 0. From the transformation properties under Z2 
parity, the mass parameters of scalar and fermion fields are parametrized as 4 

ml = ak 2 + K", (80) 
= ca', (81) 

where a, b, and c are dimensionless parameters. 

Referring to 0, the vector, scalar and spinor fields are cited together using the single 
notation $ = {A^, 0, e~ 2cr \l/ l,r}- The KK mode expansion is performed as 

1 00 

*(s",y) = -== £ *< B V)/„(y). (82) 
V Air K n=Q 



4 In Ref. 0, the integral range with respect to y is taken as — irR < y < ttR. Here we adopt < y < wR, 
and then the boundary mass parameter b in Eq. 1)80(1 is different from that in Ref. [H] by the factor 1/2. 
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By solving the equations of motion, the eigenfunction f n is given by 



f n (y) 



c.sa/2 



. Trtfi \ , m„ 
^ ( -j^-e ) + b a (m n ) Y a ( ^ c 



53) 



where a = y (s/2) 2 + M|/fc 2 , s = {2, 4, 1}, and M| = {0, afc 2 , c(c± l)fc 2 } for each component 
in $. A n is the normalization factor and J a and Y a are the Bessel functions. The corresponding 
KK spectrum m„ is obtained by solving 

b a (m n ) = b a (m n e nkR ). (84) 

A supersymmetric extension of this scenario was discussed in j3J H]. The on-shell field 
content of a vector supermultiplet is (A M , Aj, S) where A M , Aj {i = 1,2), and £ are the vector, 
two Majorana spinors, and a real scalar in the adjoint representation, respectively. Also a 
hypermultiplet consists of (Hi, \l/), where Hi (i = 1, 2) are two complex scalars and \1/ is a Dirac 
fermion. By requiring the action ()79|) to be invariant under supersymmetric transformation 
on the warped background, one finds that the five-dimensional masses of the scalar and spinor 
fields have to satisfy 



m \ = -4k 2 + 2a", (85) 
1 
2 



mx = V, (86) 



/ > 15 \ , o /3 



mbs = [c'±c--)k'+^-Tc)a", (87) 

= ca', (88) 

where c remains as an arbitrary dimensionless parameter. That is, a = —4, b = 2, and c = 1/2 
for vector multiplets and a = c 2 ±c — 15/4 and b = 3/2 =p c for hypermultiplets. There is no 
freedom to choose the bulk masses for vector supermultiplets and only one freedom parametrized 
by c for the bulk hypermultiplets. It should be noted that in warped 5D models fields contained 
in the same supermultiplet have different bulk and boundary masses. That is in contrast with 
the flat case. 

The Z 2 even components in supermultiplets have massless modes with the following wave 
functions: 



1 



V2^R 

e (l/2-c)a 



for and A^ (0) , (89) 

for H 1{0) and ^ 0) . (90) 



The subscript L means the left-handed (Z 2 even) component. The massless vector multiplet has 
a flat wave function in the extra dimension. On the other hand, the wave function for massless 
chiral multiplets involves a ^/-dependent contribution from the space-time metric, which induces 
a localization of the zero modes. The zero modes with masses c > 1/2 and c < 1/2 localize 
at y = and y = 7rR, respectively. The case with c = 1/2 corresponds to the conformal limit 
where the kinetic terms of the zero modes are independent of y. 
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